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ABSTRACT
In this paper, we establish some new oscillation theorems for neutral higher
order functional differential equations of the form

(E) Z—Z(w(t) +cx(t —h)+ Cx(t + H)) + qz(t — 9) + Qz(t + G) = 0,

where ¢,C, g, G, h and H are real constants, and ¢ and @Q are nonnegative
real constants. The results of this paper improve noticeably the known
oscillation theorems. By a new analysis technique we give weaker sufficient
conditions for all solutions of equation (E) to be oscillatory.

1. Introduction

Consider the higher order neutral functional differential equations of the form
(E) (z(t) +cz(t —h) + Ca(t + H)™ + qz(z — 9) + Qz(t + G) =0, n>1,

where ¢,C,g,G,h and H are real constants, and ¢ and @ are nonnegative real
constants. The oscillation theory of neutral differential equations has been ex-
tensively developed during the last few years. See, for example, [1-11] and the
references cited therein. The purpose of this paper is to obtain some new easily
verifiable sufficient conditions, involving the coefficients and the arguments only
under which all solutions of (E) are oscillatory. Our technique, differing greatly
from that in [5], here is based on the study of the characteristic equation

(E*) A1+ ce M+ Cer) 4 ge™ + Qe = 0.
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Necessary and sufficient conditions (in terms of the characteristic equations)
for the oscillations of all solutions of neutral differential equations have been
established by Bilchev, Grammatikopoulos and Stavroulakis [1,2], Grove, Ladas
and Meimaridou [6], Ladas, Partheniadis and Sficas [9], Sficas and Stavroulakis
(10], and Wang [11].

The osillation criteria obtained in this paper improve noticeably the results in
[4].

As is customary, a solution of equation (E} is called oscillatory if it has ar-
bitrarily large zeros and nonoscillatory if it is eventually positive or eventually
negative. Equation (E) is called oscillatory if all its solutions are oscillatory.

2. Main results

The following Lemma, which will be used in the proofs of our oscillation results,
is extracted from [1], [2] and [11].

LEMMA: A necessary and sufficient condition for the oscillation of (E) is that its
characteristic equation (E*) has no real roots.

First, we study the oscillatory behavior of the mixed neutral differential
equations of the form

(E1) (z(t) + cx(t — h) — Cx(t + H))(") +qz{t—g) + Qz(t+ G) =0,
(Ez) (z(t) — cz(t — h) + Cz(t + H)™ + qz(t — 9) + Qz(t + G) = 0,

(Es) (2(t) + ca(t — h) — Cz(t — H)™ + qz(t — g) + Qz(t + G) = 0,
and
(Eg) (z(t) + cx(t + h) — Cz(t + H)™ + qz(t — g) + Qz(t + G) =0,

where ¢,C, g, G, h and H are nonegative real constants, and ¢ and @) are positive
real constants.
The characteristic equations of equations (E;)—(E,) are respectively

(E]) Fi(A) = A"(1+ ce™ M — Ce’\H) +ge™ + Qe =0,
(E3) Fo(A) == A™(1 — ce™ 4 Ce M) 4 ge™9 + Qe* = 0,
(E3) F3(A) := A*(1 4+ ce ™ — Ce ™) 4 ge ™ + Qe* =0
and

(E3) Fy(A) = A"(1+ ce — CeAH) + qe_)‘g + Qe)‘G —0.



Vol. 115, 2000 NEUTRAL DIFFERENTIAL EQUATIONS 127

THEOREM 1: Assume that C >0, G > H and g > h,

M (%) 6-mr>c,
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h} +c¢ ifnis odd,

and
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o(5) e e (2)

Then (E,) is oscillatory.
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(h+H)} >C ifniseven.

Proof: Qur strategy is to prove that under the hypotheses above the character-
istic equation (E}) of (E) has no real roots in (—00, 00). There are three possible
cases.

CASE 1: n is odd or even and A > 0.
For A # 0, we have

OO e (qe—,\(g+H) +Q6A(G—H)) JAm 4 e M ce~Mr+H) _ o

3=

o< (%) , then from (4) we find

Fi(A\)e M /an > QeMG-H) (%) —C>0.

1
Ir x> (—g) ", then in view of (1) and using the inequality e* > ex (z > 0),
(4) yields
1
nn

F(\e /> Q <e%<G—H> /%(G ~ H))n (G-H)"-C

2Q(%)n(G—H)"~C>O.

CASE 2: nisodd and A <0.
In this case we have

—Fi (WM /A" = Ry (A /(-A)"
(5) = (qe"\(g“h) + Qe*(c“")) /(=" — (e’\h +e— Cel(H+h)) _
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If — (ﬁ—) " <\ <0, then from (5) it follows that

_Fl(A)ez\h//\n > qe—A(g—h)/ <1,L+C) —(1+¢)>0.

1

Ifax <~ (Ti—c);’ then by using (2) and the inequality e® > ez (z > 0), we

obtain from (5) that

—FL(N)eM /AN = Fy(N)e /(=A)

CASE 3: n is even and A < 0.
If — (&)™ <A <0, then by (4) it follows that

Fi(\)e M A > ge Mo+ (%) —C>o.
Ifx<—(9) %, then by using (3) we obtain
Fi(\e ™ /5m > ¢ (2)" (g+ H)" + D L e @B+ _ o5 g,

Cases 1-3 and Fy(0) > 0 imply that Fi(\) > 0 for A € (—c0, 00}, that is, (E})
has no real roots. By Lemma we conclude that (E;) is oscillatory. The proof of
the theorem is complete. 1

THEOREM 2: Assume that ¢ > 0 and g > h,

1

©  Q(5) @+ +ex [(%) ; h] +C-exp {(g) " (H + h)} e

(7)
q(%)ng"“'exp [(ﬁz) h} >1+C-exp [— <1—f—6—,>
) q (E)n (g—h)* >c ifn is even.

and
n

I
1

H} if n is odd,
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Then (E,) is oscillatory.
Proof: For A # 0, we have

9) BN /A" = (e 0H) 4 QeMEHW) jxn 4 (M - o4 CAMHHM)

Now, we consider the following cases.

CASE 1: nis odq or even and A > 0.
o< A< (%) " then from (9) we find

F(W)eM/an > QeMe+)y ( Q) —¢>0.

C

A=

If x> (%) , then from (9) it is easy to see that
Fy(W)er/am > Q (—S)n (G+h)* +exp [(%) i h} —c
+C -exp [(%)F (H+h)j| > 0.

CASE 2: nisodd and A < 0.
In this case we have

(10) =B/ = BA)/(=A)"
= (ge™9 + Qe*%) /(- A)" — (1 — ce " + C ).

If — (g—é) < ) <0, then in view of (10) we find

—Fz(/\)/)\n > qe_’\g/ (1—_%_0—) —-1- CCI\H > 0.

A< — (ﬁ?) " then by (10) and (7)

a0 AN" 1 "
—Fy(A)/ A" >q(e ig/—;g) ﬁg"—1+c'exp [(ﬁ) h]

1

_C'eXp[_(l_—%—C—)nH} > 0.



130 J. YAN Isr. J. Math.

CaAsE 3: n is even and A < 0.
If —(4)™ <A <0, from (9) one can easily see that

Fz(/\)e’\h/)\" > qe—A(9~h)/ (%) + M C+Ce’\(H+h) > 0.

1
n

If A < — (%)™, then by using (9) and (8) we obtain that

Fy(A)eM/am > ¢ (%)n (g—-R)"—c>0.

From cases 1-3 and F2(0) > 0 we can conclude that Fp(A) > 0 for A €
(—00,00), that is, (E3) has no real roots. So the conclusion of the theorem
follows by applying the Lemma.

COROLLARY 1: Let n be odd, 0 < ¢ < 1 and condition (7} hold. Then (Ej) is
oscillatory.

Proof: Assume A > 0. Since n is odd and 0 < ¢ < 1, it follows that Fp(A) > 0.
Assume X < 0; then by the procedure of the proof of Theorem 2 we see that
F5()\) > 0. By applying Lemma we can complete the proof. ]

The following two theorems provide sufficient conditions for equations (Ej)
and (E4) to be oscillatory. The proofs are similar to that of Theorems 1 and 2.
Hence we omit the details.

THEOREM 3: Assume that C > 0 and g > H. Moreover, suppose that

(11) Q(%)H(G+H)"+exp {(%)ﬁH} >C,
(12) q(%)n(g—h)" >1+¢, ifnisodd,
and

B

(13) q(%)n(g—H)"-f-c-exp[(%) (h—H)]>C, if n Is even.

Then (E3) is oscillatory.

We can obtain the following corollary similar to Corollary 1 for (Ej) with
0 < C <1 and n odd. Here we omit the details.



Vol. 115, 2000 NEUTRAL DIFFERENTIAL EQUATIONS 131

COROLLARY 2: Let n be odd, 0 < C <1 and condition (12) hold. Then (Ej) is
oscillatory.

THEOREM 4: Assume that C > 0, G > H and condition (1) holds. Moreover,
suppose that

1
(14) q(%)ng">l+c~exp[—< g ) h], if n is odd,

1+c

and

A=

(15) q (%)n (g+ H)" +exp [(—qc—) H] > C, ifn iseven

Then (E4) is oscillatory.

Next, we consider the neutral differential equations

(Es) (z(t) + cz(t — h) + Cz(t + H)™ + qa(t — g) + Qx(t + G) = 0,

(Ee) (z(t) + cz(t — h) + Cx(t — H))™ + qz(t — g) + Qz(t + G) =0,
and
(E7) (z(t) + cx(t + h) + Ca(t + H)™ + qz(t — g) + Qz(t + G) =0,

where ¢, C and () are nonnegative real constants and g, G, h, H and ¢ are positive
real constants. The characteristic equations of (E5)—(E7) are respectively

(E3 Fs(A) := A1 + ce ™ + Ce*H) 4 ge™9 4 Qe*C = 0,

5

(Eg Fe(A) := A"(1 + ce M 4 Ce ™M) + g9 + Qe = 0,
6

and

(E3) Fr(3) = A*(1+ ce? + CeM) + ge™ + Qe = .
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THEOREM 5: Suppose n is odd and g > h. Moreover, assume that

(16 a(5) g-h" > exp {— (—1—+—c"+—c) i

+C -exp [— (—q—)%(H+h)

+c

14+c+C

Then (E5) is oscillatory.

Proof: Since n is odd, it follows that F5(A) > 0 for A > 0. Hence it remains to
prove that F5()\) > 0 holds also for A < 0. Indeed,
(17)

—Fy(\)eM/Am = 1 _ (qe_A(g—h) +Qe,\(G+h)) _ (e,\h tet CeA(H+h)) .

(=X

If — (1—+§+—C) < X <0, then by using (17) we observe that

CFy(A)eM /A" > ge o) /ﬁ —(l+c+C)>0.

If X< — (F}Jr—c);, then from (16) and (17) we have

~Es (M /X > (£)" (g~ by~ exp [— (1?3?5) ' h}

— ¢~ Cexp [— <1—I?q?c'> (H+h)] > 0.

Thus F5(\) > 0 for all A € (—00,0), that is, (Ef) has no real roots. So the
conclusion of the theorem follows by the Lemma. ]

The following two theorems can be proved in a similar way and hence we omit
the details.

THEOREM 6: Ifn is odd, g > h > H and

q(%)n(g—h)n > exp [— (ﬁﬁ)%l{l +c

+C.exp[~—<ﬁ—g—+—d);(h—fﬂ],

then (Eg) is oscillatory.
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THEOREM 7: Assume that n is odd and

e\” n B q n
q(ﬁ) g >1+cexp{ (———1+c+0) h

then (E7) is oscillatory.

+ Cexp [‘ (17376) H} )

Finally, we consider the following neutral functional differential equations:

(Es) (z(t) — cx(t — h) — Cx(t + H)™ + qz(t ~ g) + Qz(t + G) =0,

(Eq) (z(t) — cx(t — h) = Cz(t — H)™ + qz(t - g) + Qz(t + G) =0,
and
(Exo) (z(t) — ezt + h) — Cz(t + H)™ + gzt — g) + Qz(t + G) = 0,

where ¢,C,h and H are nonnegative real constants, ¢,G,q and @ are positive
constants and ¢ + C > 0. The characteristic equations of (Eg)-(E1o) are respec-

tively

(E3) Fy(A) := A" (1 —ce ™™ — Ce*) + ge™9 + QerC =0,

(Es) Fo(\) =M™ (1- ce M — Ce—"H) 4 e 4+ Qe =0,
and

(Edo) Fig(A) :== A" (1 — ce™ — Ce*) + ge™9 + Qe*¥ = 0.

We establish the oscillation criteria for (Eg)—-(Eqp).

THEOREM 8: Suppose that ¢ > h and G > H,

(18) Q(%)n(G—H)">c-exp{—( « );(H+h)]+0,

L

e\" n ol (e V" L
(19) q(ﬁ) (g—h)">c+C-exp (c+C) (H+h)} if n is even,
and
e\" o, 1 .
(20) q(ﬁ) g" +c-exp (q h) >1 ifn isodd.

Then (Es) is oscillatory.
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THEOREM 9: Suppose that g > h > H,

(:25) ] oo |- (2

1

Q(-e—)n(g—h)”>c+0~expl:—( g )Z(h—H)] ifn is even,

3=

Q (%)n (G+H)™+exp —C >0,

n c+C
and
e\” ~ 1 s
q (H) g+C-exp (—an) >1 ifnisodd
Then (Eg) is oscillatory.

THEOREM 10: Suppose that G > H > h,

Q(E)n(G—H)">c-exp|:—( Q >%(H~h) +C >0,

n c+C
e n n q ;IL_
q(;) (g+h)™* +exp [(‘_—chC) h}
q
>c+C - exp [— (m>

q (%)"g" > 1 ifn is odd.

3

(H - h)} if n is even,

and

Then (Eyo) is oscillatory.
Proof: 'We present the proof of Theorem 8. The proofs of Theorems 9 and 10

can be treated in a similar way. For A # 0, we have

(21) FS()\)C—AH//\n _ (qe——/\(g+H) n Qe,\(G-H)> I 4 e ce~ MhHH) _ o

CASE 1: nis even or odd and A > 0.
Ho<a< (;?—C—) ", then from (21) we have

Fs(Ne M/ > Q/ (C—%) +e M _c—C>0.

1

IfA> (c—g@) ;, then in view of (21) and (18) we find that

q

—_— -C .
c+C >0

Fs(A)e‘*H//\"ZQ(%)H(G—H)"—CGXP [—( )i (h+ H)
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CASE 2: niseven and A < 0.
In this case we have

Fy(\erh /A = (qe_’\(g_h) + Qe’\(G+h)) /(=A™ + (e’\h ~c— Ce"(H'H’)) .

If—(cfc)% <X <0, then

Fs(\)er /A > ¢/ (:f%) +eM—c-C>0.

3=

IfA<-— (21%) , then from (21) and (19) we obtain that

1

RN /3 2 q ()" (g = )" = = Cexp |- (—f-o-) <H+h)} > 0.

CASE 3: nisodd and A < 0.
In this case we have

~Fg(\)/A™ = Fy(\)/(=\)™ = (ge 9 + Qe ) /(=N — (1 — ce™* - Cet) .
If —g= < A <0, then by using (21) we obtain that
—Fy(A) /A" > qf/lg— 1) +c+C > 0.

If A < —q=, then from (20) it follows that
e\ 1
—Fg(\)/A" > ¢ (ﬁ) g" —1+c-exp (q"h) > 0.
Cases 1-3 and Fg(0) > 0 imply F3(\) > 0 for A € (—00,00), that is, (E}) has no
real roots. By using the Lemma, we prove that (Eg) is oscillatory. The proof is
complete. |

Remarks: 1. It is easy to see that Theorems 1-10 improve respectively Theorems
1-10 in [4].

2. By using the technique of this paper we can obtain more oscillation criteria
for equations (E;) — (E1q)-

3. Our technique can be extended to a higher order neutral equation of the
form

ny ng (n)
(z(t) + Z cix(t —hy) + Z Ciz(t + Hj))
i=1 =1

ns N4
+ (qum(t —gk) + Z Qmz(t + Gm)) =0, n>1,
k=1 m=1
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where c;, C;, h; and H; are real constants, gk, gx,Qm and G, are nonnegative

real constants.

4.

It is easy to construct examples showing that our criteria for oscillation of

(Ey) — (E10) are essentially wider than the oscillation criteria in [4].
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